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Let A be a two-dimensional abelian variety of CM-type deﬁned
over Q, which is not simple over C. Let p be a prime number.
We show that torsion points of A(Q) of prime order p are possible
only for p 7.
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1. Introduction
Let A be an abelian variety of CM-type deﬁned over Q. For some low dimensional cases, van Mul-
bregt [5] gave a rough estimate of the maximal prime divisor of |A(Q)tors| applying a result of
Silverberg [14]. In this paper we consider only the case that A is of dimension 2. If A is simple
over C, Aoki [1] has shown that the possible maximal prime divisor of |A(Q)tors| is 5. Henceforth
we assume A is an abelian surface of CM-type deﬁned over Q, which is not simple over C. Then
A is isogenous to E × E ′ where E, E ′ are elliptic curves with complex multiplication. For such abelian
surfaces over Q, let P be an upper bound of prime divisors of |A(Q)tors|. The following table is taken
from [5]:
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(a) M2(Q(
√
D)) D = −4 7
D = −3 13
D = −4, −3 5
(b) Q(
√
D) × Q(√D ′) D, D ′ = −4, −3 31
D = −4, D ′ = −3 61
D = −3, D ′ = −4 97
D = −3, D ′ = −4 193
where D, D ′ are distinct discriminants of imaginary quadratic ﬁelds. We investigate the structure of
such abelian surfaces A more explicitly and obtain the following result:
End(A) ⊗ Q P
(a) D = −4, −4× 5, −8× 5 5
D = −3, −7 7
D: otherwise 3
(b) 3
This result is contained in the following theorem.
Theorem 1.1. Let A be an abelian surface over Q such that A is isogenous (over Q) to a product E1 × E2
where Ei (i = 1,2) are elliptic curves with complex multiplication.
(1) If A is not simple over Q, then A(Q) contains no point of prime order p greater than 5.
(2) Suppose that A is simple over Q. Then we obtain that E1 and E2 are isogenous and A(Q) contains no
point of prime order p greater than 11. Let K be the ﬁeld of complex multiplication of E1 .
(i) The case that A(Q) contains a point of order 5 is possible only if K = Q(√−1), Q(√−5) and
Q(
√−10).
(ii) The case that A(Q) contains a point of order 7 is possible only if K = Q(√−3) and Q(√−7).
This paper is organized as follows: In Section 2, we discuss torsion points of elliptic curves with
complex multiplication and give a proof of Theorem 1.1(1). In Section 3, we study singular abelian
surfaces using restriction of scalars of elliptic curves. In Section 4, we give a proof of Theorem 4.2,
which shows Theorem 1.1(2). In Section 5, we construct abelian surfaces over Q with torsion points
of order 5 or order 7.
Notation. Throughout we denote by K an imaginary quadratic ﬁeld, by h its class number, and by H
the Hilbert class ﬁeld of K . Suppose A is an abelian variety deﬁned over a ﬁeld L. We write A(L) for
the group of L-rational points of A and EL(A) = EndL A ⊗ Q for the algebra of endomorphisms of A
rational over L. If a is an ideal of EndL A, A[a] denotes the a-torsion subgroup of A(L), where L is the
algebraic closure of L. For a ﬁnite ﬁeld extension L/M , we denote by RL/M(A) the restriction of scalars
of A down to M as deﬁned in [4] and [15]. Suppose a group G operates on a ﬁnite dimensional vector
space M over a ﬁeld k. We denote by MG the subspace of M ﬁxed by G and M˜ the semi-simpliﬁcation
of M as a G-space.
2. Torsion on elliptic curves with complex multiplication
Let K be an imaginary quadratic ﬁeld and H be its Hilbert class ﬁeld. We consider that all ex-
tensions of K are contained in the complex number ﬁeld C and ρ denotes the complex conjugation
of C.
Proposition 2.1. Let H0 be a number ﬁeld containing H. Let E be an elliptic curve deﬁned over H0 with
complex multiplication by K . Let p ( 5) be a prime number. We suppose that Hρ0 = H0 , Eρ = E and all the
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kρ = k.
(i) If p is unramiﬁed in K , then E(k) contains no torsion of order p.
(ii) If p is ramiﬁed in K , then E(k) contains no torsion of order p except the following cases; p = 5 and k/H0
is cyclic of degree 4 or p = 7 and k/H0 is cyclic of degree 3 or 6, where k ⊃ H0(E[p]) with p2 = (p).
Proof. Let ϕp : GH0 = Gal(H0/H0) → Aut E[p] ∼= GL2(Fp) be the homomorphism which is obtained by
the action of GH0 on E[p].
(i) If p is unramiﬁed in K , detϕp : GH0 → F×p is surjective (see [11, §5.2]). Suppose that p is
inert in K . Then Imϕp ⊂ F×p2 ∼= AutoK E[p]. This implies Imϕp ⊃ F×p . If Imϕp = F×p , detϕp is not
surjective. Therefore |Imϕp |  2(p − 1)  8 and we have ϕp(Gk) = 1; hence E[p] has no non-trivial
k-rational point. Next suppose that p splits in K . Let (p) = ppρ in K and let P be a generator of E[p].
Since Eρ = E , we see that E[pρ ] = 〈Pρ〉 and ϕp is representable under the form
( χ 0
0 χρ
)
, where χ is
deﬁned by Pσ = χ(σ )P for σ ∈ GH0 . Since detϕp is surjective, we obtain easily that χ and χρ are of
order p − 1 and Imϕp is not cyclic. Hence |Imϕp| 2(p − 1) 8. If E(k) contains a point of order p,
then k ⊃ H0(E[p]) because of k = kρ . This proves our assertion.
(ii) Let (p) = p2 in K . The action of GH0 on E[p] deﬁnes a character χ : GH0 → F×p as above and
ϕp is representable under the form
( χ ∗
0 χ
)
. By assumption detϕp = χ2 is of order (p−1)/2. Therefore
if p ≡ 1 mod 4, χ is of order p − 1 and if p ≡ −1 mod 4, χ is of order (p − 1)/2 or p − 1. Hence if
p  11, χ(Gk) = 1. Suppose p = 5 or p = 7. Then we have χ(Gk) = 1 unless k ⊃ H0(E[p]). 
The following corollary is Theorem 1.1(1).
Corollary 2.2. If A is an abelian surface of CM-type deﬁned over Q and is not Q-simple, then A(Q) has no
torsion points of prime order p greater than 5.
Proof. Since A is isogenous over Q to E1 × E2 where Ei (i = 1,2) are elliptic curves over Q with
complex multiplication by imaginary quadratic ﬁelds Ki . Put Mi = Ei[p] for p  5. By Proposition 2.1
it is easy to see that M˜i
GKi = 0 (i = 1,2). We can check easily that M˜iGQ = 0 (i = 1,2) as a GQ-
module. By [11, 3.6 (p. 291)] A˜[p] ∼= M˜1 × M˜2 as GQ-modules. Hence A[p]GQ = 0 and this completes
the proof. 
3. Singular abelian surfaces
An abelian surface A over C is called singular if A is isogenous to E × E , where E is an elliptic
curve with complex multiplication by K (see [13]). We say that A is associated with K . Now let A be
an abelian surface of CM-type deﬁned over Q, which is simple over Q but not simple over C. Then
A is isogenous to E × E ′ over a ﬁnite Galois extension k of Q, where E and E ′ are elliptic curves with
complex multiplication. Since A is isogenous to a Q-simple part of Rk/Q(E) ∼=∏σ∈Gal(k/Q) Eσ and Eσ
(σ ∈ Gal(k/Q)) are isogenous to each other, we see that E and E ′ are isogenous. Hence A is singular
in the above sense.
Henceforth we shall investigate the structure of a singular abelian surface A deﬁned over Q with
associated imaginary quadratic ﬁeld K .
Lemma 3.1. Let A be a singular abelian surface deﬁned over a number ﬁeld L. Then EL(A) ⊃ K · I (scalars
in M2(K )) if and only if L ⊃ K .
Proof. Let ω1,ω2 be invariant differential forms on A, which are linearly independent over L. Let g
be an element of E(A) (∼= M2(K )) such that g corresponds to aI (a ∈ K ). Then g ◦ωi = aωi (i = 1,2).
Since gσ ◦ωi = aσωi for σ ∈ GL , it follows that gσ = g is equivalent to aσ = a. 
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isomorphic to K or a quadratic ﬁeld over K .
Proof. Since EL(A) is isomorphic to a division subalgebra over K in M2(K ), we obtain [EL(A) : K ] = 1
or 2. 
Now we consider a class of elliptic curves E deﬁned over the Hilbert class ﬁeld H of K satisfying
the following condition.
(∗) H(Etors) is an abelian extension of K .
Such curves are treated in [2,3,8,10,12]. In the followings we especially refer to [8, §4]. If the
discriminant DK of K is of the form
D = −4p1 · · · pt
where p1, . . . , pt are prime numbers satisfying p1 ≡ · · · ≡ pt ≡ 1 mod 4, we call K exceptional. If K is
not exceptional, there exists a subclass of curves (Q-curves) over H satisfying an additional condition:
(∗∗) Eσ is isogenous to E over H for all σ ∈ GQ.
If K is exceptional, there are no curves satisfying (∗∗). In this case, we specify some class of curves
in the following way. For a prime ideal q of K , let Uq denote the local unit group at q of K and put
UK =∏q Uq . Let ν be a quadratic character of Uq2 with q22 = (2) such that ννρ = ε8 (see [8, §2,
Proposition 2]). Extending ν to UK by ν(Uq) = 1 for all q = q2, we consider ν as a character of UK .
Furthermore extending ν to UK K×K×∞ we obtain a Hecke character ϕ such that ψ = ϕ ◦ NH/K is
an algebraic Hecke character of an elliptic curve E over H satisfying (∗). Then ϕ is called of type ν
(see [9]) and we can also view ϕ as a character on ideals of K prime to the conductor of ϕ . Since
ψρ = ψε8 and ε8 is the character corresponding to the extension H(
√
2)/H , we have ψρ = ψ on the
ideal group of H(
√
2). This implies that in the isogeny class of E we can choose a model deﬁned over
the ﬁxed subﬁeld of H(
√
2) by ρ (see [3, §10]).
From now on we set
H1 =
{
H if K is not exceptional,
H(
√
2) if K is exceptional,
and denote by F1 the ﬁxed subﬁeld of H1 by ρ . We ﬁx once and for all an elliptic curve E0 over F1
satisfying (∗) deﬁned as above.
Now let A be a Q-simple singular abelian surface deﬁned over Q associated with K . There is
a non-trivial homomorphism A → E0. By the universal property of restriction of scalars of abelian
varieties, there exists a Galois extension k/Q containing H1 such that A is K -isogenous to a factor
of Rk/K (E0). Let k1 be the smallest extension over H1 where all homomorphisms from E0 to A are
deﬁned. For any σ ∈ Gal(Q/Q) we have Homk1 (E0, A) ∼= Homkσ1 (Eσ0 , Aσ ). Since Aσ = A and Eσ0 is
isogenous to E0 over H1, we obtain kσ1 = k1. Therefore k1 is Galois over Q.
In this situation we give the following two propositions about k1.
Proposition 3.3. Assume EK (A) = K .
(i) If EH1 (A) = K , then Gal(k1/H1) is a dihedral group of order 6, 8 or 12.
(ii) If L = EH1 (A) is a quadratic ﬁeld over K , then k1/H1 is cyclic of order m (m 6, m = 5).
(iii) If A is not simple over H1 , then k1/H1 is quadratic or (2,2)-type.
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The decomposition of B1 into simple factors modulo isogeny corresponds to that of Q[g] as a g-space
where g = Gal(k1/F1) (see [4, §2]). A simple factor of Q[g] which corresponds to A is of the form
Mr(D) where D = EF1 (A) = Q. Mr(D) corresponds to a factor of B1 isogenous to A×· · ·× A (r times).
Hence r dim A = r2 and dim A = 2 shows r = 2. Therefore A corresponds to a factor M2(Q) of Q[g].
Let g0 be the projection of g on M2(Q) and write Gal(k0/F1) ∼= g0 with F1 ⊂ k0 ⊂ k1. Then M2(Q) ∼=
Q[g0] and g0 is a non-commutative ﬁnite subgroup of GL2(Q). This implies that g0 is isomorphic to
a dihedral group of order 6, 8 or 12. We are going to show k0 ⊃ H1. If k0 ⊃ H1, then Gal(k0/H1) is a
normal subgroup of Gal(k0/F1). Hence k0/H1 is cyclic. We see that A is also a factor of Rk0/H1(E0).
By [2, (4.1)], Rk0/H1 (E0) is of CM-type and this contradicts EH1 (A) = K . Therefore k0 ⊃ H1 and k1 =
k0H1. This shows Gal(k1/H1) ∼= g0.
(ii) As in (i) the decomposition of K [Gal(k1/H1)] corresponds to that of B = Rk1/H1(E0). If a fac-
tor Mr(D) corresponds to A × · · · × A, then L = D and r dim A = 2r2; hence r = 1. Let g0 be the
projection of Gal(k1/H1) to this factor L. Then L = K [g0] and by the deﬁnition of k1, we see that
g0 ∼= Gal(k1/H1). We note that the class number h of K is not 1 since H1 = K . Thus Gal(k1/H1) is a
cyclic group of order 3, 4 or 6.
(iii) We have A ∼ E × E ′ over H1 with elliptic curves E, E ′ over H1. As in (ii) h > 1; hence E
(also E ′) and E0 are isogenous over H1 or over a quadratic extension of H1. From this our assertion
follows immediately. 
Proposition 3.4.
(i) If L = EK (A) is a quadratic ﬁeld over K , then h  2 and k1/H1 is abelian of degree 1,2,3,4,6 or 8. The
case [k1 : H1] = 8 happens only if K = Q(
√−1) or Q(√−2).
(ii) If A is not K -simple, then h = 1, EQ(A) = K and A ∼ RK/Q(E) with an elliptic curve E deﬁned over K
and not deﬁned over Q.
Proof. (i) Since A is of CM-type over K , we obtain h  dim A = 2 by [9, Proposition 2]. Suppose
h = 2 and EH1 (A) = L. Then using the argument as in Proposition 3.3(ii), we have L = K [g0] with
g0 ∼= Gal(k1/H1) and from this we obtain that Gal(k1/H1) is a cyclic group of order 3, 4 or 6. If
h = 2 and A is not simple over H1, then as in Proposition 3.3(iii) we have k1/H1 is trivial, quadratic
or (2,2)-type. Suppose h = 1. Then H1 = K and the argument similar to the above case shows our
assertion. If k1/H1 is cyclic of order 8, then L = Q(
√−1,√2), the ﬁeld of 8-th root of unity; hence
K = Q(√−1) or Q(√−2).
(ii) This is clear. 
4. Torsion on singular abelian surfaces
Proposition 4.1. Let k/L be a Galois extension of number ﬁelds of degree m. Let E be an elliptic curve over k
and put B = Rk/L(E). We write N = E[p] for a prime number p. If N˜Gk = 0, then B˜[p]Gk = 0.
Proof. Since B[p] ∼= Z[GL] ⊗Gk N ∼= Nm as Gk-modules (cf. [4, §1]), our assertion is clear. 
Remark. The assertion B˜[p]Gk = 0 implies that every abelian variety isogenous to B over k has no
k-rational point of order p.
The following theorem shows Theorem 1.1(2).
Theorem 4.2. Let A be a simple singular abelian surface deﬁned over Q with associated imaginary quadratic
ﬁeld K . Let p ( 5) be a prime number. Then A(Q) contains a point of order p only if the following cases:
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(i) K = Q(√−5) or Q(√−10) and EQ(A) = Q(
√−1).
(ii) K = Q(√−1) and EQ(A) = K .
2. p = 7.
(i) K = Q(√−7) and EQ(A) = Q(
√−3).
(ii) K = Q(√−3) and EQ(A) = K .
Proof. Let H1,k1 be as in Section 3.
1) Assume EK (A) = K . We put k0 = k1 ∩ Kab , where Kab is the maximal abelian extension
of K . If EH1 (A) = K , then by Proposition 3.3(i) Gal(k1/H1) is a dihedral group of order 6, 8 or 12.
Hence k0/H1 is quadratic or (2,2)-type. Then applying Proposition 2.1 we have E˜0[p]
Gk0 = 0. Since
H1(E0[p]) is abelian over K , we have Gal(k0(E0[p])/k0) ∼= Gal(k1(E0[p])/k1); this implies E˜0[p]
Gk1 =
E˜0[p]
Gk0 = 0. Hence by Proposition 4.1, A(Q) contains no torsion point of order p. Next if EH1 (A) = L
is a quadratic ﬁeld over K , Proposition 3.3(ii) shows that k1/H1 is cyclic of order m (m  6, = 5).
Since EK (A) = K , k1/K is not abelian (see [2, 4.1]); hence k1 = k0. In this case using Lemma 4.3 at
the end of our proof, we can show [k0 : H1] 2. Then the same argument as above shows that A(Q)
contains no torsion point of order p  5.
2) Assume EK (A) is a quadratic ﬁeld over K . By Proposition 3.4(i) k1/H1 is abelian of order m
(1 m  8, m = 5,7). If m  6, applying Proposition 2.1 with k = k1, H0 = H1 and E = E0, we can
check that E˜0[p]Gk1 = 0 happens only if p = 5 or 7 with p | DK . Therefore A(Q) contains no torsion
point of prime order p ( 11) by Proposition 4.1. If K = Q(√−1) or Q(√−2) and m = 8, we can
check easily that E˜0[p]Gk1 = 0 for p  5. Suppose that A(Q) contains a point of order p (p = 5 or 7).
Then by Proposition 2.1(ii) and the deﬁnition of k1, we must have k1 = H1(E0[p]) with p2 = (p) and
A is isogenous to a factor of Rk1/H1(E0). As deﬁned in Section 3, the algebraic Hecke character ψ0
of E0 over H satisﬁes ψ0 = ϕ0 ◦ NH/K , where ϕ0 is of type ε0 and ε0 is a quadratic character of UK .
Let k0 = H(E0[p]) and denote by χ the character corresponding to k0/H . We may suppose that χ is
a character of UK . Let ϕ1 be an algebraic Hecke character of type ε0χ . We write ϕ for the algebraic
Hecke character of A over K . Then ϕ ◦ NH1/K = ϕ1 ◦ NH1/K is the Hecke character of A over H1.
Denoting by ε the type of ϕ , we have ε = ε0χλ, where λ is a class character of H1/K . Thus ε2 = χ2
and since χ2 = detϕp is the character corresponding to H(ζp)/K , we can write ε = λpγ , where
γ is a quadratic character, whose conductor is prime to p and λp : (oK /p)× → C× is a character of
order m = p − 1. Note that EK (A) = K (Imε) = K (ζm). Since A is deﬁned over Q, we have ερ = ε±1
by [9, Theorem 1]. Clearly λρp = λ−1p and this implies ερ = ε−1. Then the automorphism τ0 of EK (A)
induced by ρ acts on ζm trivially by [9, Claim in the proof of Theorem 1]. Therefore EQ(A) = Q(ζm).
If p = 5, then k1/H1 is cyclic of order 4. By [9, Proposition 2(3)] we have 10 | DK . Then h = 2 by
Proposition 3.4(i). The ﬁelds satisfying these conditions are Q(
√−5) and Q(√−10). Similarly if p = 7,
then k1/H1 is cyclic of order 3 or 6 and the associated character of A is of order 6. If h > 1, then
21 | DK by [9, Proposition 2(2)]. This contradicts h 2. Hence h = 1 and we see K = Q(
√−7).
3) Assume EK (A) = K ⊕ K . By Proposition 3.4(iii), A is isogenous over K to RK/Q(E) with an
elliptic curve E deﬁned over K . It is known that E[K ] contains a point of order p ( 5) only if
K = Q(√−1) (p = 5) and K = Q(√−3) (p = 7) (see [6, p. 160]). 
Lemma 4.3. The notation is the same as in the proof 1) of Theorem 4.2. If k1/H1 is cyclic of order 6 and k1 = k0 ,
then [k0 : H1] 2.
Proof. Suppose [k0 : H1] = 3. We note that if the 2-Sylow subgroup of Gal(k0/K ) is cyclic, k1/K is
abelian [7, Corollary 1]. Therefore the class number of K is even. Let p be a prime divisor of DK and
write p2 = (p) in K . Denote by K1 the subﬁed of H corresponding to 〈p〉 in the ideal class group
ClK ∼= Gal(H/K ) of K and put
K ′1 =
{
K1 if H1 = H,√
K1( 2) if H1 = H .
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[M1 : K ′1] = 4 and [M2 : K ′1] = 3. Then we have EM1 (A) = K (
√−3) and EM2 (A) = K (tp) with
t2p = ±ϕ0(p2) = ±p, where ϕ0 is a Hecke character over K such that ϕ0 ◦NH1/K is the Hecke character
of E0. Since K (
√−3) = K (tp) = L for any prime divisor p of DK , we conclude that DK = −3p1 with a
prime number p1. This shows H1 = H and the 2-Sylow subgroup of Gal(k0/K ) is cyclic. Hence k1/K
is abelian and this contradicts our assumption k1 = k0. 
5. Construction ofQ-rational torsion
Here we give examples of Q-rational torsion of order 5 and 7 on singular abelian surfaces over Q
with associated imaginary quadratic ﬁelds Q(
√−5), Q(√−10) and Q(√−7).
1) K = Q(√−5). Let p = (√−5) and let ε : (oK /p)× → 〈
√−1〉 ⊂ C× be a character of order 4
such that ε(a) = √−1 with a ∈ oK and a ≡ 2 mod p. Let ϕ be an algebraic Hecke character over K
of type ε. Let q = (3,2 + √−5). Then q2 = (2 + √−5), qqρ = (3) and the ray class group mod p is
cyclic of order 4 generated by q. Since ϕ(q2) = √−1(2 + √−5), we may assume that ϕ(q) = α with
α =
√−1−1
2 (1 −
√−5). Thus ϕ has values in K (√−1). Let A be an abelian surface over K attached
to ϕ . In EK (A) = K (
√−1) we have p = PPρ where P = (√−1 + 2,√−5). Let P0 be a P-division
point of A. Since ϕ(q) = α ≡ 1 mod P, it follows that P0 is K -rational [10, §1, Lemma]. As ε satisﬁes
the condition of [9, Theorem 1(3-ii)], we may assume that A is deﬁned over Q. By [9, Lemma 1],
the complex conjugation operates on EK (A) through ϕ(q) → ϕ(qρ). Since ϕ((3)) = ϕ(qqρ) = −3
√−1,
we see that P ⊂ EK (A) is stable under ρ . Hence Pρ0 = ±P0. If Pρ0 = P0, P0 is a Q-rational point of
order 5. If Pρ0 = −P0, we put A1 = A/〈P0〉, which is deﬁned over Q. Since π =
√−5 /∈ P2, we have
π A[P2] = A[P]. Then A[P2] is generated by P0, Q with π Q = P0. If Q ρ = cQ + dP0 (c,d ∈ Z), we
see π Q ρ = cP0 and π Q ρ = (−π Q )ρ = (−P0)ρ = P0. Thus c ≡ 1 mod 5. Therefore Q mod P0 is a
Q-rational point of order 5 on A1.
The case K = Q(√−10) is entirely similar to K = Q(√−5).
2) K = Q(√−7). In this case let ε : (oK /p)× → C× be a character of order 6 with p = (
√−7).
Denote by ϕ the Hecke character of type ε and let A be an abelian surface attached to ϕ . Then as
in 1), A(K ) contains a point of order 7 and from this we can show the existence of Q-rational point
of order 7 on a singular abelian surface over Q.
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